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Abstract

Three-dimensional (3D) piezoelasticity solution is presented for the steady-state forced response of
simply supported hybrid cross-ply rectangular plates with embedded or surface-bonded piezoelectric layers
under electromechanical harmonic excitation with damping. For each layer, all the entities are expanded in
Fourier series to satisfy the boundary conditions at the edges. The governing equations reduce to ordinary
differential equations in the thickness coordinate with constant coefficients. Their general solution is
obtained using state-space technique. A transfer matrix approach is presented to obtain these from the
electromechanical boundary conditions at the top and bottom of the plate, the conditions of prescribed
potentials and the conditions of continuity/jump at the layer interfaces. Results for the amplitude and phase
lag of the central deflection are presented for an elastic plate and for hybrid composite and sandwich plates.
The reduction of deflection response by actuation of a piezoelectric layer is illustrated. The present
benchmark solution would help assess 2D plate theories for damped response under harmonic loads.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Composite laminates and sandwich structures with some embedded or surface-bonded
piezoelectric layers, for sensing and actuation to achieve desired control, form part of a new
see front matter r 2004 Elsevier Ltd. All rights reserved.

jsv.2004.03.030

ding author. Tel.: +91-1126591218; fax: +91-1126581119.

ress: kapuria@am.iitd.ernet.in (S. Kapuria).

www.elsevier.com/locate/jsvi


ARTICLE IN PRESS

S. Kapuria, G.G.S. Achary / Journal of Sound and Vibration 282 (2005) 617–634618
generation of smart adaptive structures. Accurate and efficient models are needed for response
analysis of such hybrid piezoelectric plates. The exact three-dimensional (3D) solutions of
rectangular laminated plates serve as useful benchmarks for the assessment of 2D plate theories
and approximate 3D numerical solutions such as the solution using the finite element method.
These exact solutions have provided insight into the complex coupled electromechanical
behaviour of hybrid laminated plates and have led to the development of higher order 2D
theories for plates. For laminated plates, layer-wise exact solutions of the governing field
equations are obtained [1,2], and the arbitrary constants in the solutions are evaluated using
the boundary conditions and the continuity and equilibrium conditions at the layer interfaces
directly or indirectly by a layer-wise transfer matrix technique. The displacement or mixed
formulation is used for the solution of the governing equations. Such 3D exact elasticity
solutions for thick laminated rectangular elastic plates have been presented for static mechanical
loading [1,2], thermal loading [3–5], free vibrations [1] and forced undamped vibrations [6].
3D exact piezoelasticity solutions for rectangular hybrid piezoelectric plates have been presented
for static electromechanical loading [7–15], thermal loading [16,17] and free vibrations [18,19].
Exact 2D piezoelasticity solution has been presented by Kapuria et al. [20] for steady-state
forced response of hybrid piezoelectric beams using transfer matrices. To the authors’ knowledge,
exact elasticity and piezoelasticity solutions, for laminated elastic plates and hybrid piezo-
electric plates with damping, under harmonic loads, are not available. Such solutions are needed
to assess 2D hybrid plate theories since their error for the steady-state response is the cumulative
error of the errors in predicting the static response, natural frequency and the dynamic
magnification factor.

As exact closed form solutions can be obtained only for certain boundary conditions and
loadings, so a simply supported rectangular plate under harmonic loading is chosen for analysis
since an analytical closed form Fourier series solution can be obtained satisfying the boundary
conditions at all its surfaces. This work presents an exact 3D piezoelasticity solution for the
steady-state forced response of simply supported hybrid piezoelectric cross-ply rectangular plates
with surface bonded or embedded piezoelectric layers, subjected to harmonic electromechanical
loads with damping. The solution for laminated elastic composite and sandwich plates follows as
a special case. The coupled piezoelectric constitutive equations, strain–displacement relations,
field–gradient relations for electric displacements and electric potential, and the momentum and
charge balance equations for the steady-state problem are solved exactly subject to the exact
satisfaction of the boundary conditions at the top, bottom and the edge surfaces, and the
continuity and equilibrium conditions at the layer interfaces. A mixed formulation is used for the
governing field equations in terms of eight primary variables: displacements u; v;w; transverse
stresses tzx; tyz; sz; electric potential f and electric displacement Dz: For each layer, all the entities
are expanded in double Fourier series that satisfy the boundary conditions at the four edge
surfaces. The governing field equations reduce to eight first-order homogeneous differential
equations in the thickness coordinate z with constant coefficients. Their general solution for each
layer is obtained using state-space technique. For each layer, a transfer matrix relating the values
of the eight primary variables at its bottom and its top is derived. The laminate transfer matrix
relating the eight primary variables at the bottom and the top of the plate is built from the transfer
matrices of the layers by using the continuity/jump conditions at the layer interfaces and the
conditions of prescribed potentials at some layer interfaces. Numerical results for the amplitude
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and phase lag of the central deflection are presented for highly inhomogeneous elastic test plate
under harmonic pressure load, and for hybrid piezoelectric composite and sandwich plates under
harmonic electromechanical loads. The reduction of the steady-state deflection response by
actuation of a piezoelectric layer is illustrated. The benchmark solution presented herein would
help assess the 3D numerical solutions and also assess 2D hybrid plate theories for the prediction
of steady-state damped response under electromechanical harmonic loads.
2. Governing equations for 3D exact solution

Consider a hybrid rectangular plate (Fig. 1) having sides of length a and b along directions x
and y; and total thickness h in direction z; subjected to harmonic electromechanical load. It is
made of L perfectly bonded orthotropic layers which are stacked with two of their principal
material directions along the sides of the rectangle. Some of the layers can be of piezoelectric
material of orthorhombic class mm2 symmetry (commonly used PZT and PVDF belong to this
class) with poling along the thickness axis z: The material of the piezoelectric layers can be
different. The midplane of the plate is chosen as the xy-plane. The z-coordinate of the bottom
surface of the kth layer (numbered from the bottom) is denoted as zk�1: The thickness of
the kth layer is tðkÞ: The interface between the kth and the ðk þ 1Þth layer is named as the kth
interface. The layer superscript is omitted unless needed for clarity. The sides of the plate at x ¼ 0;
a and y ¼ 0; b are simply supported. The simply supported sides are idealized as supports
which allow displacement normal to the boundary surface but prevent transverse tangential
displacements.
Fig. 1. Simply supported hybrid plate.



ARTICLE IN PRESS

S. Kapuria, G.G.S. Achary / Journal of Sound and Vibration 282 (2005) 617–634620
The strains �x; �y; �z; gyz; gzx; gxy are related to the displacements u; v;w by

�x ¼ u;x; �y ¼ v;y; �z ¼ w;z; (1)

gyz ¼ v;z þ w;y; gzx ¼ w;x þ u;z; gxy ¼ u;y þ v;x; (2)

where a subscript comma denotes differentiation. The electric field components Ex;Ey;Ez are
related to the electric potential f by

Ex ¼ �f;x; Ey ¼ �f;y; Ez ¼ �f;z: (3)

Using Eqs. (1)–(3), the 3D linear constitutive equations for the stresses sx; sy;sz; tyz; tzx; txy and
the electric displacements Dx;Dy;Dz; can be expressed as

u;x ¼ s11sx þ s12sy þ s13sz � d31f;z; (4)

v;y ¼ s12sx þ s22sy þ s23sz � d32f;z; (5)

w;z ¼ s13sx þ s23sy þ s33sz � d33f;z; (6)

v;z þ w;y ¼ s44tyz � d24f;y; (7)

w;x þ u;z ¼ s55tzx � d15f;x; (8)

u;y þ v;x ¼ s66txy; (9)

Dx ¼ d15tzx � �11f;x; (10)

Dy ¼ d24tyz � �22f;y; (11)

Dz ¼ d31sx þ d32sy þ d33sz � �33f;z; (12)

where sij; dij ; �ij are the elastic compliances, piezoelectric strain constants and the dielectric
constants. The dynamic equations of momentum and charge balance without internal body force
and charge source are

sx;x þ txy;y þ tzx;z ¼ r €u; (13)

txy;x þ sy;y þ tyz;z ¼ r€v; (14)

tzx;x þ tyz;y þ sz;z ¼ r €w; (15)

Dx;x þ Dy;y þ Dz;z ¼ 0: (16)

where r is the mass density and the overdot represents differentiation with respect to time.
The dimensionless coordinates x1 ¼ x=a; x2 ¼ y=b; zðkÞ ¼ z þ h=2�

Pk�1
i¼1 tðiÞ

� �
=tðkÞ are

introduced for the kth layer. Let the harmonic forces per unit area applied on the bottom and
top surfaces of the plate in direction z be p1

z ¼ 0; p2
z ¼ �pðx1; x2Þ cos ot; where o is the forcing

frequency. Let there be distributed viscous resistance force with the distributed viscous damping
coefficient of c1 per unit area per unit transverse velocity of the top surface of the plate. Such a
damping may model the viscous resistance force of the surrounding medium of the plate. At the
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bottom and the top of the plate, let the prescribed harmonic potential f or electric displacement
Dz be c1ðx1; x2Þ cos ot and c2ðx1; x2Þ cos ot respectively. For actuation of surface bonded or
embedded piezoelectric layers, let the number of layer interfaces whose potentials are prescribed
be La with the qth prescribed potential being Fqðx1; x2Þ cos ot for the interface nq: Thus the
boundary conditions for the simply supported plate with the four supporting sides grounded are

at x1 ¼ 0; 1 : v ¼ w ¼ 0; sx ¼ 0; f ¼ 0; (17)

at x2 ¼ 0; 1 : u ¼ w ¼ 0; sy ¼ 0; f ¼ 0; (18)

at z ¼ �1
2
h : tzx ¼ tzy ¼ 0; sz ¼ 0; f=Dz ¼ c1 cos ot; (19)

at z ¼ 1
2
h : tzx ¼ tzy ¼ 0; sz ¼ �p cos ot � c1 _wðx1; x2; h=2; tÞ; f=Dz ¼ c2 cos ot: (20)

The conditions of prescribed potentials of interfaces can be expressed as

½fjz¼1�
ðnqÞ ¼ Fqðx1; x2Þ cos ot; q ¼ 1; . . . ;La: (21)

The equilibrium and the compatibility conditions at the interface between adjacent layers are

½ðu; v;w; tzx; tyz; sz;f;DzÞjz¼1�
ðkÞ ¼ ½ðu; v;w; tzx; tyz; sz;f;DzÞjz¼0�

ðkþ1Þ (22)

for k ¼ 1; . . . ;L � 1; except for Dz at the interfaces k ¼ nq; q ¼ 1; . . . ;La: The prescribed potential
applied to the interface nq; induces an extraneous surface charge density, say tqðx1; x2; tÞ ¼
Dzl

� Dzu
on this surface where the subscripts u and l refer to the upper and the lower faces of the

interface. Thus the conditions of discontinuity of Dz for the interfaces nq are

½Dzjz¼1�
ðnqÞ ¼ ½Dzjz¼0�

ðnqþ1Þ � tqðx1; x2; tÞ; q ¼ 1; . . . ;La: (23)

A mixed formulation is used for the 3D governing equations for vibration, by expressing them
in terms of the eight basic entities u; v;w; tzx; tyz; sz;f;Dz; which appear in the boundary and
interface conditions (19)–(22). The remaining entities sx;sy; txy;Dx;Dy are expressed in terms of
these basic entities. Substituting f;z from Eq. (12) into Eqs. (4) and (5) and solving for sx;sy yields

sx ¼ b11u;x þ b12v;y þ b16sz þ b18Dz;

sy ¼ b21u;x þ b22v;y þ b26sz þ b28Dz; ð24Þ

where

s0ij ¼ sij �
d3id3j

�33
; d 0

3i ¼
d3i

�33
;

b11 ¼ s022 �s; b12 ¼ �s012 �s; b21 ¼ b12; b22 ¼ s011 �s;

b16 ¼ ðs012s023 � s022s013Þ�s; b18 ¼ ðs012d 0
32 � s022d 0

31Þ�s;

b26 ¼ ðs012s013 � s011s023Þ�s; b28 ¼ ðs012d 0
31 � s011d 0

32Þ�s; ð25Þ

with �s ¼ ½s011s022 � s0212�
�1: Substituting sx;sy from Eq. (24) and f;z from Eq. (12) into Eq. (6) yields

w;z ¼ b31u;x þ b32v;y þ b36sz þ b38Dz; (26)
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where

b31 ¼ �b16; b36 ¼ s013b16 þ s023b26 þ s033;

b32 ¼ �b26; b38 ¼ s013b18 þ s023b28 þ d 0
33: ð27Þ

Using Eqs. (24) and (26), Eqs. (8),(7),(13)–(15),(12) and (16) can be expressed as

u;z ¼ �w;x þ s55tzx � d15f;x; (28)

v;z ¼ �w;y þ s44tyz � d24f;y; (29)

tzx;z ¼ r €u � b11u;xx þ
u;yy

s66

� �
� b12 þ

1

s66

� �
v;xy � b16sz;x � b18Dz;x; (30)

tyz;z ¼ r€v � b21 þ
1

s66

� �
u;xy � b22v;yy þ

v;xx

s66

� �
� b26sz;y � b28Dz;y; (31)

sz;z ¼ r €w � tzx;x � tyz;y; (32)

f;z ¼ b71u;x þ b72v;y þ b76sz þ b78Dz; (33)

Dz;z ¼ �d15tzx;x � d24tyz;y þ �11f;xx þ �22f;yy; (34)

where

b71 ¼ �b18; b76 ¼ d 0
31b16 þ d 0

32b26 þ d 0
33;

b72 ¼ �b28; b78 ¼ d 0
31b18 þ d 0

32b28 �
1

�33
: ð35Þ

3. General solution of 3D governing equations

The electromechanical loads are of the separable form gðx1; x2Þ cos ot ¼ Re½gðx1; x2Þeiot�; where
Reð. . .Þ denotes the real part of the complex number ð. . .Þ: Thus all the entities are expressed as
Re½f ðx1; x2Þeiot�; where f ðx1; x2Þ may be complex. For the kth layer, the solution of the governing
field equations, satisfying the boundary conditions (17) and (18), is taken in the form of the
following Fourier series:

ðu; tzx;DxÞ ¼
X1
m¼1

X1
n¼1

Re½ðu; tzx;DxÞmne
iot� cos mpx1 sin npx2;

ðv; tyz;DyÞ ¼
X1
m¼1

X1
n¼1

Re½ðv; tyz;DyÞmne
iot� sin mpx1 cos npx2;

ðw; sz;f;Dz; sx;sy; tqÞ ¼
X1
m¼1

X1
n¼1

Re½ðw;sz;f;Dz; sx;sy; tqÞmne
iot� sin mpx1 sin npx2;

txy ¼
X1
m¼1

X1
n¼1

Re½txymn
eiot� cos mpx1 cos npx2; ð36Þ
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where f mn denotes the ðm; nÞth coefficient of the Fourier series expansion of a function f ðx1; x2; tÞ:
In order to satisfy termwise conditions (19)–(21) on the lateral surfaces and the interfaces, the
given electromechanical loading functions pðx1; x2Þ;ciðx1; x2Þ;Fqðx1; x2Þ are similarly expanded in
Fourier series as

ðp;ci;FqÞ ¼
X1
m¼1

X1
n¼1

Re½ðp;ci;FqÞmne
iot� sin mpx1 sin npx2: (37)

Substitution of the expansions from Eq. (36) into the eight governing equations (26) and (28) to
Eq. (34) yields the following first-order homogeneous differential equations for the ðm; nÞth
Fourier components of the eight basic entities:

X ¼ ½umn vmn wmn tzxmn
tyzmn

szmn
fmn Dzmn

�T; (38)

X ;z ¼ QX ; (39)

where Q is an 8� 8 constant matrix. The non-zero elements of Q are

Q13 ¼ �t �m; Q14 ¼ ts55;

Q17 ¼ �t �md15; Q23 ¼ �t �n;

Q25 ¼ ts44; Q27 ¼ �t �nd24;

Q31 ¼ �t �mb31; Q32 ¼ �t �nb32;

Q36 ¼ tb36; Q38 ¼ tb38;

Q41 ¼ t �m2b11 þ
�n2

s66

� �
� ro2; Q46 ¼ �t �mb16;

Q42 ¼ t �m �n b12 þ
1

s66

� �
; Q48 ¼ �t �mb18;

Q51 ¼ t �m �n b21 þ
1

s66

� �
; Q52 ¼ t �n2b22 þ

�m2

s66

� �
� ro2;

Q56 ¼ �t �nb26; Q58 ¼ �t �nb28;

Q63 ¼ �ro2; Q64 ¼ t �m;

Q71 ¼ �t �mb71; Q65 ¼ t �n;

Q76 ¼ tb76; Q72 ¼ �t �nb72;

Q84 ¼ t �md15; Q78 ¼ tb78;

Q87 ¼ �tð �m2�11 þ �n2�22Þ; Q85 ¼ t �nd24; ð40Þ

where �m ¼ mp; �n ¼ np: Eq. (39) is the state equation of z-invariant linear system with X being the
state vector and Q being the system matrix. Its solution can be obtained as

X ðzÞ ¼ eðQzÞX ð0Þ; (41)

where eðQzÞ is computed analytically using the method described in Ref. [21].
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Transfer matrix approach is presented to obtain the steady-state response. For the kth layer, the
values X�

k of X at the top ðz ¼ 1�Þ can be related to the value Xþ
k�1 of X at the bottom ðz ¼ 0þÞ of

this layer by a transfer matrix Tk as

X�
k ¼ TkXþ

k�1; Tk ¼ eQ: (42)

The transfer matrix �Tq for the layers between nq and nqþ1 is obtained by applying Eqs. (42)
successively to layers nq þ 1 to nqþ1 and multiplying them. Using the continuity of X (Eq. (22)) at
all the interfaces between the nqth and the nqþ1th interface yields

X�
nqþ1

¼ �TqXþ
nq; �Tq ¼

Ynqþ1

j¼nqþ1

Tj: (43)

The product
Q

in Eq. (43) is taken from the right to the left. Eq. (43) is valid for q ¼ 0; 1; . . . ;La

with n0 ¼ 0 and nLaþ1 ¼ L: The discontinuity in Dz by tq in Eq. (23) at the interface nq implies that
Xþ

nq and X�
nq are related by

Xþ
nq ¼ X�

nq þ ½0 0 0 0 0 0 0 1�Ttqmn: (44)

Using Eqs. (43) and (44), X�
nq and Xþ

0 ¼ X 0 are related by

X�
nq ¼

Yq�1

i¼0

�TiX 0 þ
Xq�1

p¼1

Yq�1

k¼p

�Tk½0 0 0 0 0 0 0 1�T

 !
tpmn ¼ T̂

q
X 0 þ ~T

q
t; (45)

where

T̂
q
¼
Yq�1

i¼0

�Ti; t ¼ ½t1 t2 . . . tLa
�Tmn;

~T
q

lj ¼
Yq�1

k¼j

�Tk

" #
l8

; l ¼ 1; 2; . . . ; 8; j ¼ 1; . . . ; q � 1;

~T
q

lj ¼ 0; l ¼ 1; 2; . . . ; 8; j ¼ q; . . . ;La: ð46Þ

T̂
q
is a 8� 8 matrix and ~T

q
is a 8� La matrix. X L ¼ X�

L ¼ X�
nLaþ1

is obtained from Eq. (45) for
L ¼ nLaþ1 as

X L ¼ T̂
Laþ1

X 0 þ ~T
Laþ1

t: (47)

The interface conditions of Eq. (21) can be expressed as

Fqmn ¼ ðX�
nqÞ7 ¼

X8
k¼1

T̂
q

7kX 0k
þ
XLa

p¼1

T̂
q

7p tpn; q ¼ 1; 2; . . . ;La

) F ¼ T̂7X 0 þ ~T7t; ð48Þ
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where

F ¼ ½F1 F2 . . . FLa
�Tmn;

ðT̂7Þqk ¼ T̂
q

7k; ð ~T7Þqp ¼ ~T
q

7p; q; p ¼ 1; . . . ;La; k ¼ 1; . . . ; 8: ð49Þ

T̂7 is a La � 8 matrix and ~T7 is a La � La matrix, t is solved from Eq. (48) and substituted in
Eq. (47) to yield the transfer matrix relation for X L and X 0:

t ¼ ~T
�1

7 ðF� T̂7X 0Þ; (50)

X L ¼ ðT̂
Laþ1

� ~T
Laþ1 ~T

�1

7 T̂7ÞX 0 þ ~T
Laþ1 ~T

�1

7 F: (51)

In X 0 and X L; the seven known values from Eqs. (19) and Eq. (20) are

X 04 ¼ ðtzxmn
Þ0 ¼ 0; X 05

¼ ðtyzmn
Þ0 ¼ 0;

X 06 ¼ ðszmn
Þ0 ¼ 0; X 07 ¼ ðfmnÞ0 ¼ c1mn

;

X L4
¼ ðtzxmn

ÞL ¼ 0; X L5
¼ ðtyzmn

ÞL ¼ 0;

X L7
¼ ðfmnÞL ¼ c2mn

: ð52Þ

The remaining nine primary unknowns at the bottom and the top are related by eight equations
(51) and relation ð20Þ2 for the applied normal traction on the top surface

X L6
¼ ðszmn

ÞL ¼ �pmn � ioc1X L3
: (53)

These complex unknowns are determined from these nine algebraic equations. t is then obtained
using Eq. (50). For the undamped case, the unknowns are real as the imaginary term is zero on the
right-hand side of Eq. (53). For the damped case, the magnitude and phase of the amplitude of an
entity is given by the magnitude and the polar angle of the complex number representing it. All
X

nq
are thus obtained from Eqs. (45) and (44). For an interface k other than nq; using continuity

conditions (22) and Eq. (42) yield

Xþ
k ¼ X�

k ¼
Yk

j¼nrþ1

TjX nr
; (54)

where nr is the largest value of nq; q ¼ 1; . . . ;La which is less than k: X at any z within a layer is
finally obtained using Eq. (41). The stresses and electric displacements sxmn

;symn
; txymn

;Dxmn
;Dymn

are then obtained using Eqs. (24) and Eqs. (9) to Eqs. (11). A procedure akin to the one described
here, using transfer matrices, can be followed for the case when potential differences across some
layers are also prescribed.

In the transfer matrix approach, the basic unknowns are only 9 which are independent of the
number of layers. In contrast, if all conditions (19)–(22) are imposed directly without using
transfer matrices, then the number of unknowns is 8L þ La which depends on the number of
layers. For L ¼ 6; La ¼ 4; the number of equations to be solved using these methods are 9 and 52,
respectively.
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For undamped synchronous free oscillations, at natural frequency omn; for the ðm; nÞth Fourier
component, Eq. (53) yields X L6

¼ 0: The homogeneous algebraic equations for the 8 unknowns
are obtained from Eqs. (51). Their coefficient matrix depends on o ¼ omn: For non-trivial
solution, its determinant is zero, o is incremented in small steps, monitoring sign changes in the
determinant of the coefficient matrix and the value o ¼ omn is determined by the bisection
method for which the determinant becomes zero.
4. Numerical results

Three highly inhomogeneous simply supported plates (a), (b) and (c) are analysed. The stacking
order is mentioned from the bottom. The 6-ply elastic plate (a) has plys of thick-
ness 0:1h=0:15h=0:25h=0:25h=0:15h=0:1h of materials 1=3=2=2=3=1 with orientations yk as
½0�=0�=90�=0�=0�=0��: It is a good test case since the plys have highly inhomogeneous stiffness
in tension and shear. Plates (b) and (c) are hybrid plates consisting of an elastic substrate with two
PZT-5A layers, each of thickness 0:1h; with poling in þz direction, bonded to the top and the
bottom of the substrate. Plate (b) has a substrate of graphite–epoxy composite of material 4 with
four plys of equal thickness :2h having symmetric lay-up ½0�=90�=90�=0��: The substrate of plate
(c) is a 5-layer sandwich construction with composite faces ½0�=90�� and a soft core with
thicknesses 0:04h=0:04h=0:64h=0:04h=0:04h: The interfaces between the substrate and the
piezoelectric layers for the hybrid plates are grounded.

The material properties [22,23] are: ½ðY 1;Y 2;Y 3;G12;G23;G31Þ; n12; n13; n23� ¼

Material 1: [(6.9,6.9,6.9,1.38,1.38,1.38) GPa, 0.25,0.25,0.25]
Material 2: [(224.25,6.9,6.9,56.58,1.38,56.58) GPa, 0.25,0.25,0.25]
Material 3: [(172.5,6.9,6.9,3.45,1.38,3.45) GPa,0.25,0.25,0.25]
Material 4: [(181,10.3,10.3,7.17,2.87,7.17) GPa,0.28,0.28,0.33]
Face: [(131.1,6.9,6.9,3.588,2.3322,3.088) GPa, 0.32,0.32,0.49]
Core: [(0.2208,0.2001,2760,16.56,455.4,545.1) MPa, 0.99,3� 10�5;3� 10�5]
PZT-5A: [(61.0,61.0,53.2,22.6,21.1,21.1) GPa, 0.35,0.38,0.38], and ½ðd31; d32; d33; d15; d24Þ;

ðZ11; Z22; Z33Þ� ¼ ½ð�171;�171; 374; 584; 584Þ � 10�12m=V; ð1:53; 1:53; 1:5Þ � 10�8F=m�:

The density of materials 1,2,3,4 is 1578 kg=m3 and of PZT-5A, face and core is 7600,1000,
70 kg=m3; respectively. The dimensionless undamped natural frequency �o1 ¼ o1aS2ðr0=Y 0Þ

1=2
Table 1

Fundamental natural flexural frequency �o1 for square and rectangular plates

S Plate (a) Plate (b) Plate (c)

b=a ¼ 1 b=a ¼ 2 b=a ¼ 1 b=a ¼ 4 b=a ¼ 1 b=a ¼ 4

5 8.34453 6.94926 7.18099 4.89225 4.33615 2.58118

10 10.6797 8.90958 9.36860 6.44730 7.33896 4.80865
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for the first bending mode is presented in Table 1 for the three plates with the top surface
grounded and the bottom surface at charge free condition ðDz ¼ 0Þ: Two load cases are
considered.
1.
 Pressure p ¼ �p0 sinðpx=aÞ sinðpy=bÞ on the top surface with the potential c2 ¼ 0 and the
electric displacement c1 ¼ 0 at the bottom surface. Thus the bottom piezoelectric layer acts as a
sensory layer.
2.
 The actuation potential c2 ¼ f0 sinðpx=aÞ sinðpy=bÞ is applied to the top surface, the electric
displacement c1 ¼ 0 at the bottom surface.

The results for these cases are non-dimensionalised with S ¼ a=h; Y 0 ¼ 6:9GPa for plates (a)
and (c) and Y 0 ¼ 10:3GPa for plate (b), d0 ¼ 374� 10�12CN�1: r0 ¼ 1000 kg=m3 for plate (c)
Fig. 2. Amplitude wm and phase k for square and rectangular plates (a) under load case 1.
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and r0 ¼ 1578kg=m3 for the other plates:
1.
 ð �u; �v; �wÞ ¼ 100ðu; v;w=SÞY 0=hS3p0; ð �sx; �syÞ ¼ ðsx;syÞ=S2p0;
�f ¼ 104fY 0d0=hS2p0;
2.
 ð ~u; ~v; ~wÞ ¼ ðu; v;w=SÞSd0f0; ð ~sx; ~syÞ ¼ ðsx;syÞh=S2Y 0d0f0;
The damping parameter �c is defined as �c ¼ c1S=2r0ao1:
The dimensionless amplitude wm and phase lag k of the midsurface deflection at the centre of

the elastic composite plate (a) with aspect ratio b=a ¼ 1; 2 and S ¼ 10 are in plotted Fig. 2 as a
function of o=o1 for the pressure load case 1 for undamped case and for damped case with two
values of damping, �c ¼ 0:1; 0:2: Similar response curves for square hybrid plate (b) with composite
substrate and plate (c) with sandwich substrate with S ¼ 10 are shown in Figs. 3 and 4 for load
cases 1 and 2. The pattern of these response curves for the moderately thick plates for the lightly
damped cases considered herein is very much similar to those for a single-degree-of-freedom
Fig. 3. Amplitude wm and phase k for square hybrid plate (b) under load cases 1 and 2.
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Fig. 4. Amplitude wm and phase k for square hybrid plate (c) under load cases 1 and 2.
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system. The dimensionless values of amplitude wm of central deflection and its phase lag k for two
values of S;o=o1 and b=a of the three plates are given in Tables 2 and 3 for undamped and two
lightly damped cases for load cases 1 and 2, respectively. The phase lag for the pressure load case 1
for hybrid plates is p=2 for o=o1 ¼ 1 for all values of �c except for the thick sandwich plate (c) with
S ¼ 5; where k differs from p=2 substantially. This difference increases with b=a and decreases
with the damping. Similar observation can also be made for the potential load case 2 for sandwich
plate (c). However, for load case 2, unlike the single-degree-of-freedom system, the phase lag for
o=o1 ¼ 1 is found to differ marginally from p=2 for plate (b) also. This deviation is due to the
coupling of bending and extensional modes which occurs in thick hybrid sandwich plates for both
pressure and potential loads and in hybrid composite plates for potential load.

The through-the-thickness distributions of the amplitude of dimensionless deflection and pre-
dominant inplane displacement and normal stress for square hybrid plates (b) and (c) under load
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Table 2

Amplitude and phase of central deflection of plates under load case 1

Plate b=a S w=w1 ¼ 0:7 w=w1 ¼ 1

�c ¼ 0 �c ¼ 0:1 �c ¼ 0:2 �c ¼ 0:1 �c ¼ 0:2

om om k0 om k0 om k0 om k0

(a) 1 5 2.7105 2.6194 14.90 2.3929 28.02 7.2806 90.00 3.6403 90.00

10 1.6936 1.6353 15.08 1.4909 28.32 4.4091 90.00 2.2046 90.00

2 5 3.9771 3.8389 15.15 3.4974 28.43 10.427 90.00 5.2136 90.00

10 2.4499 2.3641 15.21 2.1524 28.53 6.3176 90.00 3.1588 90.00

(b) 1 5 2.0779 2.0546 8.58 1.9893 16.78 9.8267 90.00 4.9133 90.00

10 1.2444 1.2302 8.64 1.1906 16.91 5.7409 90.00 2.8705 90.00

4 5 4.5533 4.5011 8.69 4.3545 16.99 21.035 90.00 10.517 90.00

10 2.6498 2.6191 8.74 2.5328 17.09 12.078 90.00 6.0389 90.00

(c) 1 5 5.0719 5.0257 7.75 4.8941 15.22 20.957 52.48 12.333 69.00

10 2.0915 2.0660 8.96 1.9946 17.51 9.3013 90.00 4.6507 90.00

4 5 8.4375 8.4110 4.54 8.3331 9.02 16.466 12.74 15.383 24.33

10 4.8806 4.8209 8.97 4.6541 17.52 21.662 90.00 10.831 90.00

Table 3

Amplitude and phase of central deflection of plates under load case 2

Plate b=a S w=w1 ¼ 0:7 w=w1 ¼ 1

�c ¼ 0 �c ¼ 0:1 �c ¼ 0:2 �c ¼ 0:1 �c ¼ 0:2

om om k0 om k0 om k0 om k0

(b) 1 5 0.4190 0.4143 7.86 0.4012 15.35 1.9804 88.97 0.9907 87.94

10 0.3761 0.3718 8.48 0.3598 16.58 1.7343 89.76 0.8672 89.52

4 5 0.4963 0.4906 8.18 0.4747 15.98 2.2859 89.27 1.1432 88.55

10 0.4241 0.4192 8.61 0.4054 16.82 1.9314 89.81 0.9657 89.62

(d) 1 5 0.5812 0.5759 7.19 0.5609 14.10 2.3857 51.68 1.4044 67.38

10 0.5509 0.5442 8.81 0.5254 17.20 2.4520 89.78 1.2260 89.56

4 5 0.7357 0.7333 4.31 0.7266 8.56 1.4334 12.40 1.3392 23.66

10 0.8779 0.8671 8.89 0.8371 17.35 3.8986 89.88 1.9493 89.76
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cases 1 and 2, are shown in Figs. 5 and 6 for o=o1 ¼ 1; �c ¼ 0:1: It can be seen from Fig. 5 that the
through-the-thickness distributions of w for the hybrid composite plate (b) is non-uniform
especially across the piezolayers. The inplane displacement has a typical zigzag distribution across
the thickness with strong discontinuities of slope at the interfaces with the piezolayers. These
effects increase with the decrease in S: Moreover, the non-uniformity in the transverse
displacement and the nonlinearity in the inplane displacement are more pronounced for the
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Fig. 5. Distributions of dimensionless amplitudes of v;w; sy for square hybrid plate (b) for o=o1 ¼ 1; �c ¼ 0:1:
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potential load case 2. The distribution of the inplane stresses becomes nonlinear across some
layers for thick plates with S ¼ 5: For sandwich plate (c), the inplane displacement has a zigzag
distribution with large slope discontinuity at the interfaces with the core, even for a moderately
thick plate with S ¼ 10; for both the load cases 1 and 2. The non-uniformity in the distribution of
w across the thickness increases with the decrease in S and is much more pronounced for the
potential load case 2 compared to the pressure load case 1. In view of the above observations, it
can be concluded that a smeared plate theory with a global through-the-thickness approximation
of the displacement field would be inadequate to model accurately the steady state response of
hybrid plates under electromechanical loads. A zigzag theory will be more appropriate to study
such response of hybrid plates.

The effect of application of harmonic actuation potential of load case 2, on the steady-state
amplitude �wm and phase lag k of deflection at the centre of the hybrid plate (b) under harmonic
pressure p0 of load case 1, is shown in Fig. 7 for S ¼ 10; �c ¼ 0:1: For a given actuation potential
�f0; the percentage reduction in �wm is almost the same for wide range of o=o1 since the �wm

response curves for the two load cases are qualitatively similar.
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Fig. 6. Distributions of dimensionless amplitudes of u;w; sx for square hybrid plate (c) for o=o1 ¼ 1; �c ¼ 0:1:
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5. Conclusions

A benchmark 3D piezoelasticity exact solution is presented using transfer matrix approach,
for simply supported hybrid piezoelectric plates with damping under electromechanical
harmonic loads. The solution includes the cases wherein potential can be applied at any
interface with the piezoelectric layers whether embedded or surface bonded. The exact
deflection amplitude response curves follow the pattern of single-degree-of-freedom system.
The benchmark numerical results presented herein, for elastic composite test plate and hybrid
plates with composite and sandwich substrates would be useful to assess 2D theories of elastic
and hybrid plates. The non-uniform distribution of deflection and the zigzag distributions of
inplane displacements across the thickness imply that a smeared plate theory with a global
through-the-thickness approximation of the displacement field would be inadequate to model
accurately the steady state response of hybrid plates under electromechanical loads. A zigzag
theory will be more appropriate to study such response of hybrid plates. Application of
a passive harmonic actuation potential, for the harmonic pressure load case, results in
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Fig. 7. Amplitude �wm and phase k of hybrid square plate (b) under harmonic pressure with actuation potential.
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almost the same percentage reduction of the amplitude of deflection for a large range of
forcing frequency.
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